We consider a nonlinear oscillator with fractional derivative of the order α. Perturbed by a periodic force, the system exhibits chaotic motion called fractional chaotic attractor (FCA). The FCA is compared to the "regular" chaotic attractor. The properties of the FCA are discussed and the "pseudochaotic" case is demonstrated.
I. INTRODUCTION
It became evident now that the random dynamics can appear as an intrinsic property of real systems and that different kind of randomness represents a level of complexity of motion.
While the Hamiltonian chaos is relevant to the Hamiltonian systems, chaotic properties of the dissipative dynamics are very different revealing the chaotic attractors, strange non-chaotic attractors, quasi-attractors, etc. [1, 2, 3] . In this paper we would like to describe one more way of the occurrence of chaotic or pseudo-chaotic attractors in dissipative systems. Namely, the forced system is a fractional nonlinear oscillator (FNO), i.e. a nonlinear oscillator with a fractional derivative of the order 0 < α < 2 with respect to time instead of the second order derivative.
Although the fractional calculus has more than few-hundred-year story, its application to the contemporary physics is very recent and, mainly, it is related to the complexity of the media in classical and quantum treatment. Let us mention only a few of them: fractional kinetics [4, 5, 6] , wave propagation in a media with fractal properties [7, 8, 9] , nonlinear optics [10] , quantum mechanics [11] , quantum field theory [12] , and many others.The formal issues related to the contemporary fractional calculus are well reflected in the monographs [13, 14, 15, 16, 17] . There are different possibilities for interpretation of fractional derivatives. Let us mention the probabilistic interpretation [15, 18, 19, 20] and the relation to a dissipation of the considered system [21, 22, 23, 24] . The latter one will be related to our paper.
The paper contains some necessary definitions in Sec. II and in two appendices. In
Sec. III we demonstrate how the fractional derivative can be related to a dissipation in the system. The Sec. IV is devoted to the main object of the paper: fractional chaotic attractor (FCA) and some of its features. We speculate on the existence of fractional "pseudochaotic" attractor, i.e. dissipative random dynamics with zero Lyapunov exponent.
II. DEFINITIONS
In this section we put some necessary definitions. The left a D α t and right t D α b RiemannLiouville fractional derivatives of order α are defined as
To construct a solution for a process described by an equation with fractional derivatives, one needs the initial conditions that can be written as
These conditions may have no physical meaning (for a detailed discussion see [16, 25] ). The important feature of the derivatives (1) is that they have no symmetry with respect to the time reflection t → −t.
In the following we use the so-called Caputo derivative [26, 27] defined as
with the regular type of initial conditions
For the left Caputo derivative we use a notation
Left fractional oscillator will be described by the equation:
with initial conditions (2). Solution of (7) can be found with the help of the Laplace transform [16] :
where
It follows from (8)
and the inverse Laplace transform gives
is the two-parameter Mittag-Leffler function [28] . This equation describes a causal evolution of the system from the present to the future.
The right fractional oscillator is given by the equation
with the initial conditions (3). The Laplace transform in this case
gives
with the corresponding anti-causal solution
Similar results can be given for the equations with left and right Caputo derivatives.
III. DECAY RATE ANALYSIS
In this section we analyze the dynamics of a nonlinear fractional oscillator (see also [29] ).
Let us start from the linear fractional oscillation satisfying the equation
where D α is the Caputo left fractional derivative (see (6)). Equation (17) has a solution in a form of one-parameter Mittag-Leffler function
provided that x ′ (0) = 0 and x(0) = A (see Appendix 1 for details). According to [22, 30] ,
the Mittag-Leffler function may be decomposed into two terms
The first term is determined by a cut on the complex plane for Mittag-Leffler function, and the second one is related to the poles. For α = 2 − ε (ε ≪ 1) we can use an expansion over ε:
where ci(t) and si(t) are sine and cosine integral functions respectively. For large t the function E(−t α ) has algebraic asymptotics of f α (t) [22, 28] 
i.e. the first term in (19) decays algebraically in time while the second one decays exponentially. The decay rate of g α (t) is defined by its amplitude
It is useful to remark that 0 < γ < 1 for 1 < α < 2, and γ ≈ πε/4 for ε ≪ 1. For a comparison the function E(−t α ) and its envelope (23) are presented in Fig. 1 .
The analysis can be extended to a nonlinear fractional oscillator since for small ε one can apply the averaging over fast oscillations.
As an example, consider the fractional Duffing equation
where a > 0 is a constant. The steady states are: y = 0, (unstable) and y = ±1/ √ a (stable). 
Close to the stable fixed point we have a linear equation
with a solution
and B is a constant. For α = 2 − ε and ε ≪ 1 expression (28) is well approximated by the (25) , the dashed line is the envelope curve according to (29) .
with γ from (24) . Fig. 2 shows a numerical simulation of Eq.(25) in comparison with the amplitude obtained from (29) . The numerical analysis of Eq. (25) is based on the algorithms described in [31] .
When α = 2, Eqs. (25) and (26) become undamped. The leading term of the frequency of the oscillation w is ω 0 = 2 1/α . From [32] , a nonlinear correction to this frequency is
when aB 2 ≪ 1, i.e. |ω 1 | ≪ ω.
From Eq. (29), we can present w in the form
where β is constant and δw(t) is a correction to ω 1 (t) due to the term f α (t) in (22) that describes the polynomial decay of oscillations for fairly large t.
Concluding this section one state that the fractional generalization of the considered nonlinear oscillations is reduced to some effective decay of the oscillations similarly to the fractional linear oscillator. The rates of the decay can be estimated and, roughly speaking, the larger is the deviation ε = 2 − α, the stronger is the decay.
IV. FRACTIONAL CHAOTIC ATTRACTOR (FCA)
It is well known that periodic force applied to a nonlinear oscillator, for general situation, leads to the Hamiltonian chaotic dynamics in some part of phase space, while the same problem with dissipation can lead to the chaotic attractor. One can expect that the periodically perturbed fractional nonlinear oscillator should display a kind of chaos that we call FCA. Description of this phenomenon is the subject of this section. The basic equation is
where F and ν are parameters of the perturbation. For fairly small ε = 2 − α, let us introduce a cojoint equationẍ
Simulation of Eq. (33) shows a typical chaotic attractor in Fig. 3,(a) . One can recalculate the value of α into a corresponding a 1 . As a result, in Fig. 3,(b) we see the map of the FCA.
These figures display a structural difference between CA and FCA. We can assume that for small ε and up to the terms of ε 2 the behavior of the FCA is similar to the CA of the . This result is in Fig. 4 and it conforms the presence of a positive Lyapunov exponent. Nevertheless, we can see almost regular returns of |∆x| to the initial value 10 −6 .
As it was mentioned above, increase of the "fractionality" of the the derivative order ε = 2 − α can increase the dissipation. This leads to some "reduction of structures" in the FCA (see Fig. 5 ) similarly to the case of CA [2].
Finally, we present the case of a "dying attractor" [2] in Fig. 6 . Although the phase portrait looks very regularly, the dispersion of initially close trajectory shows randomness with the most probably zero Lyapunov exponent. This case can be related to the fractional pseudochaotic attractor (FPCA) that has a counterpart (pseudochaos) in Hamiltonian dynamics [33] . Two comments support this hypothesis: (a) there is no separation of the initially close trajectories for fairly large time after which the distance jumped to the order one (see Fig. 6 ,(b)); (b) there is no structure of the attractor in Fig. 6 ,(a) even when we strongly increase a resolution of the Poincaré section plot, i.e. the dimension of the set in Fig. 6,(a) is rather one than larger of one as in Fig. 3,(a) .
V. CONCLUSIONS
Since the fractional derivatives are time-directed, the equations with fractional derivatives slightly different from the integer ones by ε = 2−α ≪ 1 can be fairly easy interpreted through the regular equations with a dissipation. As a result, fractional nonlinear oscillator behaves like the stochastic attractor in phase space, being periodically perturbed. The role of the polynomial dissipation is still elusive. It seems that this term leads to a degradation of the FCA structure. The error has fast increase with time creating difficulties in the simulations (see Fig. 7 ). Due to that we can not provide explicit features of the difference between CA and FCA.
The resonant case for the linear oscillator can be interpreted in the way similar to the integer derivative case with α = 2 [32] (see Appendix 2). Our simulations show that applying the fractional calculus, one can gain a compact formulations of dynamics with new properties governed by a complexity of the media.
We arrive to the expressions (19)-(20) [22] for the function e α (t). Similarly, we can present
For the detailed analysis of these expressions see [30] .
Appendix 2 Driven linear fractional oscillator
In this section we discuss briefly some features of linear fractional oscillator perturbed by an analog of the resonant external force (see also [34] ). "Free" and "forced" oscillations of the fractional oscillator depend on the index α. The main conclusion is that the dynamical response of the driven fractional oscillator is bounded in amplitude for any relation between the oscillator frequency and the frequency of the perturbation. The finiteness of the response indicates a damped character of fractional derivative. In [24] the linear fractional oscillator is interpreted as an ensemble average over harmonic oscillations because of the interaction of the fractional system with the random environment. The intrinsic absorption of the fractional oscillator results from the response of each harmonic oscillator being compensated by an antiphase response of another harmonic oscillator (see details in [24] ). This shows the main difference between the resonant phenomenon in regular systems and the resonance in fractional systems (both linear and nonlinear).
Let the external force in the linear fractional oscillator equation be described by MittagLeffler function
where C is a constant determined by initial conditions. Since the equation is linear, its solution can be presented in the form similar to [32] x(t) = A 1 E α (−ω
where A 1 , C 1 are new constants. A direct calculation gives 
For t → 0 the second term tends to zero. For 1 < α < 2, t ≫ 1 we have
and the same is for the first term of (41)
Thus, the secular term is absent for 1 < α < 2.
The resonance is observed only for α = 2, when Eq. (41) is transformed into the usual forced harmonic oscillator. Then, the secular term appears lim ω→ω 0 x α=2 (t) = A 1 E 2 (−ω 2 0 t 2 ) + C 1 t 2 E 2, 2 (−ω 2 0 t 2 ) = A 1 cos ω 0 t + C 1 t 2ω 0 sin ω 0 t .
Concluding, the linear fractional oscillator forced by a Mittag-Leffler oscillation does not go to any resonance for ω → ω 0 for 1 < α < 2.
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